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PREFACE TO THE FIRST EDITION.

Tay Theory of Probabilities is naturally and strongly
divided into two parts. One of these relates to those
chances which can be altered only by the changes of
entire units or integral multiples of units in the funda-
mental conditions of the problem : as in the instances
of the number of duts exhibited by the upper surface
of & die, or the numbers of black and white bulls to
be extracted from a bag. The other relutes to those
chances which have respect to insensible gradutions in
the value of the clement measured ; as in the duration
of life, or in the amount of error incident to an ustro-
nomical observation,

It may be difficult fo commence the investigutions
proper for the second division of the theory without
referring to principles derived from the first. Never
theless, it is certain that, when the clements of the
second division of the theory are estublished, ull refer-
ence to the firat division is lnid aside ; and the original
connexion is, by the great majority of persons who use
the second division, entirely forgotten. The two divi-
sions branch off into totally unconnected subjects : those
persons who habitually use one part never have oeeasion
for the other ; and practically they become two different
seiences, |

~In order to spare astronomers and observers in
natural philosophy the confusion and luss of time which
are produced by referring to the ordiuary treatises om-
bracing both branches of Probabilities, T have thought
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it desirable to draw up this tract, relating only to Errors
of Observation, and to the rules, derivable from the
consideration of these krrors, for the Combination of
the Results of Ohservations, I have thus also the
advantage of entering somewhnt more fully into several
points, of interest to the observer, than can possibly be
done in a General Theory of Probabilitics,

No novelty, 1 believe, of fundamental character, will
be found in these pages, At the same timeo I may sfate
that the work hus been written without reference to
or distinet recollection of any other treatise (excepting
only Laplace’s Z'héorie des Probabilités) ; and the me-
thods of treating the different problems may therefore
differ in some small degrees from those commonly em-
ployed.

G. B. AIRY,

Rovar Ossenrvarony, GureNwicH,
January a3, 1861.

PREFACE TO THE SECOND EDITION,

The work has been thoroughly revised, but no im-
portant alteration has Leen made: except in the intro-
duction of the new Section 15, and ‘the consequent
alteration in the numeration of articles of Sections 16
and 17 (formerly 15 and 16): and in the addition of the
Appendix, giving the result of a comparison of the

theoretical law of Frequency of Errors with the Fre-

quency actudlly observed in an extensive series.

G. B, AIRY.
February 10, 1875,
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CORRIGENDA,

Page 47, dele line 1, and substitute the following :—

Mean Square of Sum of Errors a 44 + ¢ 4 d + &e,

Page 61, between lines 6 and 7, insert * final apparent results,
affocted by $he ”
o line 18, for *actual error of ! read ‘apparent ',
” line 14, for *actual orrors of the’ read ‘apparent’.
" line 19, for ‘actual error ' read ‘ result’,



A L e & -
e o

-

s E e

?"-‘:

ON TUE
ALGEBRAICAL AXD NUMERICAL THEORY

oy

ERRORS OF OBSERVATIONS

AND THE

COMBINATION OF OBSERVATIONS,

P.&iRT Ia

FALLIBLE MEASURLS, AND SIMPLE ERRORS OF
OBSERVATION.

§ 1. Nature of the Errors here considered.

1, Tus nature of the Errors of Observation which
form the subject of the following Treatise, will perhaps
be understood from a comparison of the different kinds
of Errors to which different Estimations or Measures are
liable.

- - 2, Suppose that a quantity of common nuts are put
into a cup, and a person makes an estimate of the num-
ber. His estimate may be correct ; more probably it
will he incorrect, But if imcorrect, the error has this

A, o~ A
& 2



2 BIMPLE ERRORS OF OBSERVATION.

peculiarity, that it is an error of whole nuts, There can-
not be an error of a fraction of a nut. This class of ervors
may be called Errors of Integers. These are not the errors
to which this treatise applies.

3. Instead of nuts, suppose water to be put into the
cup, and suppose an estimate of the quantity of water to
be formed, expressed either by its cubical content, or by
its woight. Either of those estimates may be in error by
any amount (practically not excceding a certain limit),
proceeding by any gradations of magnitude, however mi-
nute. This class of errors may be called Graduated
Errors. It is to the consideration of these errors that
this treatise is directed.

4. If, instead of nuts or water, the cup be charged
with particles of very small dimensions, as grains of fine
sand, the state of things will be intermediate between the
two considercd above. Theoretically, the errors of esti-
mation, however expressed, must be Krrors of Integers of
Band-Grains ; but practically, these sand-grains may be
so small that it iz & matter of indifference whether the
gradations of error proceed by whole sand-grains or by
fractions of a sand-grain. In this case, the errors are

practically Graduated Krrors,

5. In all these cases, the estimation is of a simple
kind ; but there arve other casesin which the process may
be either simple or complex; and, if it is complex, a dif-
ferent class of errors may be introduced. Suppose, for
instance, it is desired to know the length of a given road.

K



NATURE OF THE ERRORS, 3

A person accustomed to road-measures may estimate its
length ; this estimation will be subject simply to Craduated
Krrors. Another person may measure its length by a yard-
measure ; and this method of measuring, from uncertainties
in the adjustments of the successive yards, &c. will also be
subject to Graduated Errors. But besides this, it will be
subject to the possibility of the omission of registry of
entire yards, or the record of too many entire yards; not
as o fault of estimate, but as a result of mental confusion.,
In like manner, when s measure is made with a micro-
meter; there may be inaccuracy in the observation as
represented by the fractional part of the reading ; but there
may also be error of the number of whole revolutions, or
of the whole number of decades of subdivisions, similar to
tho erroneous records of yards mentioned above, arising
from causes totally distinet from those which produce in-
accuracy of mere observation, This class of Frrors may
be called Mistakes. Their distinguishing peculiarity is,
that they admit of Conjectural Correction. These Mistakes
are not further considered in the present treatise,

6. The errors therefors, to which the subsequent in~
vestigations apply, may be considered as characterized by
the following conditions :—

They are infinitesimally graduated,
~ They do not admit of conjectural correction,

7. Observations or measures subject to those errors
will be called in this treatise “fallible observations” or
* fallible measures.”

A2



4 SIMPLE ERRORS OF OBSERVATION.

8. Sfrictly speaking, we ought, in the expression of
our general ides, to use the word “uncertainty” instead of
“orvor.” For we caunot at any time assert positively
that our estimate or measure, though fallible, is not per-
fectly correct; and therefore it may happen that there ia
no “error,” in the ordinary senso of the word. And, in
like monner, when from the general or abstract idea we
proceed to concrete numerical evaluations, we ought,instead
of “error,” to say “uncertain crror;” including, among
the uncertainties of value, the possible case that the un-
certain error may =0, With this caution, however, in the
interpretation of our word, the term “error” may still be
used without danger of incorrectness, When the term is
qualified, as “Actual Error” or “Probable Error,” there is
no fear of misinterpretation,

§ 2. Law of Probability of Errors of any given amount,’

9. In estimating numerically the “probability” that
the magnitude of an error will be included between two
given limits, we shall adopt the same principle as in the
ordinary Theory of Chances. When the numerical value
of the “probability” is to be determined & priori, we
shall consider oll the possible combinations which pro-
ducs error; and the fraction, whose numerator is the num-
ber of combinations producing an errer which is included

between the given limits, and whose denominator is the

. total number of possible combinations, will be the * pro-
Lability ” that the error will be included between those
limits, But when the numerical value is to be deter-

1
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LAW OF PROBABILITY OF ERRORS. b

mined from ohservations, then if tho numerator be the
number of observations, whese errors fall within the given
limits, and if the denominator be the total number of
observations, the fraction so formed, when the number of
observations is indefinitely great, is the “ probability,”

10. A very slight contemplation of the nature of
errors will lead us to two conclusions :—

First, that, though there is, in any given case, a pos-
sibility of errors of a large magnitude, and thorefore a
possibility that the magnitude of an error may fall be-
tween the two values ¥ and E + 8, where Z is large;
still it is more probable that the magnitude of an error
may fall between the two values e and ¢+ 3¢, where ¢ is
small; 8¢ being supposed to be the same in both, Thus,
in estimating the length of a road, it is less probable that
the estimator’s error will fall between 100 yards and
101 yards than that it will full between 10 yards and
11 yards, Or, if the distance is measured with a yard-
measure, and mistakes are put out of consideration, it is
less likely that the error will fall between 100 inches and
101 inches than that it will fall between 10 inches and
11 inches.

Second, that, according to the accuracy of the methods
used and the care bestowed upon them, different values
must be assumed for the errors in order to present com-
parable degrees of. prabability. Thus, in estimating the
road-lengths by eye, an error amounting to 10 yards is
sufficiently probable; and the chance that the real error
wmay fall between 10 yards and 11 yards is not contemptibly



b BIMPLE ERRORS OF OBSERVATION,

small. But in measuring by a yard-measure, the proba-
bility that the crror can amount to 10 yards is so insigni-
ficant that no man will think it worth consideration ; and
the probability that the error may fall betweon 10 yards
and 11 yards will never enter into our thoughts. It may,
however, perhaps be judged that an error amounting to 10
inches is about as probable with this kind of measure as
an error of 10 yards with eye-estimation ; and the probabi-
lity that the error may fall between 10 inches and 11 inches,
with this mode of measuring, may be comparable with the
probability of the error, in the rougher estimation, falling
between 10 yards and 11 yards,

11. Here then we are led to the idea that tho alge-
braical formula which is to express the probability that an
error will fall between the limits ¢ and ¢ + 8¢ (whero e is
extremely small) will possess the following propertics :—

(4) Inasmuch as, by multiplying our very narvow
interval of limits, we multiply our probability in the same
proportion, the formula must be of the form ¢ (¢) x 8.

(B) The term ¢ (6) must diminish as ¢ iucreases, and
must be indefinitely small when ¢ is indefinitely large,

(C) The term ¢ (6) must contain a constant symbol
or parameter ¢, which is constant in the expression of the
probabilities under the same system of estimation or mea-
sure, and is different for different systems of estimation or
meastire. I (as seoms likely), upon taking a proper pro-
portion of magnitudes of error, the law of declension of
the probubility of errors is the same for delicate measures

|
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LAPLACE'S INVESTIGATION OF THEIR LAW, {

and for coarse measures, then tho formula will be of the

form 1,(»(-3) X (), or -\[r( ) x --, where ¢ is small for

a delicate system of measurcs, a.nd large for a coarse
system of measures,

[The reader is recommeonded, in the first instance, to
pass over the articles 12 to 21.]

12. Laplace has investigated, by an ¢ priors process,
well worthy of that great mathematician, the form of the
function expressing the law of probability, Without enter-
ing inte all details, for which we must refer to the Zhéorie
Analytique des Probabilités, we may give an idea here of
the principal steps of the process,

13, The fundamental principle in this investigation is,
that an error, as actually occurring in observation, is not of
simple origin, but is produced by the algebraical combina-
tion of a great many independent causes of error’, each of
which, according to the chance which affects it inde-
pendently, may prodace an error, of either sign and of
different magnitude. Theso ervors are supposed to be of
the class of Errors of Integers, which admit of being
treated by the usual Theory of Chances; then, supposing
the integers to be indefinitely small, and the range of their
number to be indefinitely great, the conditions ultimately
. appronch to the state of Graduated Frrors,

) Thia {a not the language of Laplace; but it appears to be the under-
standing on which his investigation ismost distinetly applicable to single
etrors of observation.



8 SIMPLE ERRORS OF OBSERVATION.

14, Suppose then that, for one source of error, the
errors may be, with equal probability,

=y =n+l, —-%4+2,.-1,0,+1, 3, ..0n-2 a—1, n,

o . 1
the probability of each will be Sati

Supposs that, for another source of error, tho crrors
ey also be, with equal probability,

-"-‘R, "‘"n'l"l, -'13'-!-2,...-1, 0, +1, 2, ...“'-"2, ﬂ"""l, ”,

and so on for g sources of error, And suppose that wo
wish to ascertain what is the probability that, upon com-
bining algebraically onc error taken from tho first series,
with one error taken from the second series, and with one
error taken from the third series, and so on, we can pro-
duce an error I, The first step is, to ascertain how many
are the different combinations which will each produce Z,

13, Now, if we watch the process of combination, we
shall see that the numbers are added by exactly the same
law as the addition of indices in the successive multipli-
cations of the polynomial

¢ PV gm0 /=3 Jglrnove 1 ¢lv-9e V-3 J-*e V=1 €™ »I-:,

by itself, supposing the operation repeated s—1 times.
And therefore the number of combinations required will

be, the. coefficient of ¢#V™! (which is also the same as the -

coefficient of ¢®Y"), in the expansion of

{ e-na. V-1 +E—tu—uo V-1 Segire Vi ver 4 00 v-:,,, e s’~l+ "o V-1 ]‘-

1o

¢

X
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This coefficient will be exhibited as & number uncom-
bined with any power of ¥, if wo multiply the expansion

either by ¢®¥™, or by ¢V, or by 1, (hoV 4 gV,

The number of combinations required is therefore the same
as the term independent of @ in the expansion of

% (em/-:+ el \H) {0 VR NVl o g BVt \’-Ila’
or tho same as the term independent of @ in the ex-

pansion of

coslf x {1 +2cos0 + 2 cos 26 + ...... + 2 cos nfj?.

And, remarking that if we integrate this quantity with
respect to 6, from 6 =0 to =1, the terms depending on
@ will entirely disappear, and the term independent of
@ will be multiplied by ar, it follows that the number of
combinations required is the definite integral

-:;. rda.cos 10 x {1 +2cos 6 +2c0520 ... + 2 cos nf}*,
«0

M
sin 1'-’-‘-“;—1 9)’

or-l-. Fdﬂ.coslﬂ x( i
T sin—2-0

And the total number of possible combinations whiclt
are, & priort, equally probable, is (2n 4 1)
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Consequently, the probability that the algebraical com-
bination of errors, one taken from each series, will produce
the crror /, is

. 41
1 1 sin” - - @\’
i F [dﬂ cos 8 x D K

gin ; 0
-

In subsequent steps, # and g are supposed to be very
large.
16. To integrate this, with the kind of approximation

which is proper for the circumstances of the case, Laplace
assumes

sin “f;-—l e ”
=g ¥,
(2n + 1).sin-§ e

(as the exponential is essentially positive, this does not in

strictness apply further than ?---+—1 6 = ; but as succeed-

.-d

ing values of the fraction are small, and are raised to the
high power s, they may be safely neglected in comparison
with the first part of the integral) ; expanding the sines in

powers of 8, and the cxponential in powers of 2, it will

be found that

. ty6 B
~Terts (1t s 4 &),

where £ is u function of n which approaches, as n becomes
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very large, to the definite numerical value 5.  The expres-
ston to be integrated then becomes, :

1 e
wyinm+1)a

» It\/6 B, . \] - 3B, .
L dt.cos [;/{1 ; (t::i,lﬁ] (1+;¢ +&c.)].e ".(1+ —;—t +&c.).

To simplify this integral, it is to be remarked that ¢
multiplies the whole, and that this factor decrcases with
extremo rapidity as ¢ increases, While ¢ is small, the

B - . L L)
terms £ in the argument of .lie cosine are unimportant;

and when ¢ is large, it matters not whether they are retained
or not, beeause their rejection merely produces a different
length of period for the periodical term which is multi--
plied by an excessively small coefficient. Also it appears
(as will be shewn in Article 19) that the integration of
such a term as cos mt. e . 35¢ introduces no infinite term,
and therefora when it is divided by the very large number
3, this may be rejected. The iutegral is therefore reduced

to this,
! & [ dt. cos - iyt e

7 Jin ¥ 1)) )o N Y CE ST A

17. As the first step to this, let us find the value of

{ dt. ¢ ‘Thore ig no process for this puipose so con-
<0

venient as the indirect one of ascertaining the solid content
of the solid of revolution in which ¢ is the radius of any
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section, and z the corresponding ordinate =&, Lot zand
y be the other rectangular co-ordinates, so that ¢'=a" 4.4,
Then the solid content may be expressed in either of the
following ways:

By polar co-ordinates, solid content
=21r.f dit.¢"=m,
0
By rectangular co-ordinates, solid content

=[ @[ e[ dct | dy.e

- ) () [

since, for a definite integral, it is indifforent what symbol
be used for the independent variable,

Hence, 4 ( f:dg ) e‘"t’)! =,

and [ a.ee=y]
0 “

18. Next, to find the value of L dt.cosrt. et Call

this definite integral y. As this is a function of #, it can be
differentiated with respect to »; and as the processof inte-
gration expressed in the symbol does not apply to #, y
can be differentiated by differentiating under the integral
‘sign, Thus -

dy = : g
o= --L dé.tsinrt.e™,
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Integrating by parts, the general integral for i—%
1 - T -
--i-asmrt.e 2fdt.cosrt.e A
in which, taking the integral from ¢= 0 to ¢ = », the first

‘ *
term vanishes, and the second becomes — G ¥ Thus we have

dy »

=u---1
d'. ‘)

Iftegrating this differential equation in the ordinary
way,
g
y={.€4.

Now when 7 =0, we have found by the last urticle that

Lo

the value of y for that case is 9" e Hence we obtain

finally
Ke
dt cosrt.€C = 5—;— €4,

19, If we differentinte this cxpression twiee with
respect to 7, we find,

BN o
fdt t.cos1t. € =nmr, (i ;) i3

and oxpressions of similar character if we differentiate four
times, six times, &e. The right-hand expressions arc
never infinite. This is the theorem to which we referred
in Article 16, as justifying the rejection of certain terms in

the integral.
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20. TReverting now to the expression at the end of
Article 18, and making the proper changes of notation, we
find for the value of the integral at the end of Article 16,

/ .-
1. Vo -, g atili,

2ym’ Jin(n+ 1) 8

This expression for the probability that the error, pro-
duced by the combination of numerous errors (see Article
14), will be 1, is based on the supposition that the changes
of magunitude of { proceed by a unit at a timo, I now we
pass from Errors of Integers to Graduated Errows, we may
consider that we have thus obtained all the probabilities
that the error will lie between 7 and +1. In order to
obtain all the probabilities that the error will lie between
! and 1 4 81, we derive the following expression from that
above,

-on
1 y/6 e, 3,

v Wi (n+1).4

Here I is o very large number, expressing the magni-
tude @ of an error which is not strikingly large, by a large
multiple of small units,

Let [ = ma, where m is large; 8l=mdz; and the pro.
bability that the error falls between « avd 4+ 8z is

L WO.m e
Vo i ¥ 1).e e Ban

Let n (ﬂG;::-iD % = 6%, whers ¢ may be a quantity of
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magnitude comparable to the magnitudes which we shall
use in applications of the symbol «; then we huve finally
for the probability that the error will full between @ and
z + 8x,

1 o
- - . € crnaxa

ey
This function, it will be remarked, possesses the cha-
racters which in Article 11 we have indicated as necessary.
We shall hereafter call ¢ the madulus,

21, Laplace afterwards proceeds to consider the effect
of supposing that the probabilities of individual errors, in
the different series mentioned in Article 14, are not uniform
through each series, as is supposed in Article 14, but vary
according to an algehraical law, giving equal probabilities
for 4 or — errors of the same magnitude, And in this ease
also he finds a result of the same form, For this, however,
we refer to the Zhévrie Analytique des Probabilités,

22. Whatever may be thought of the process by
which this formula has becn obtained, it will searcely be
doubted by any one that the result is entirely in aceord-
ance with our general ideas of the frequency of errors. In
order to exhibit the numerical law of frequency (that is,

2
the variable factor ¢ o, which, when multiplied by 8
gives & number proportioned to the probability of errars
falling between « and « -+ &), the following table is com-

puted ;
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o3

'ABLE OF VALUES OF ¢ &,

1-0000
0:9901
0:9608
0-9139
Q-8521
0-7788
0-6917
0-6126
05273
0-4449
0:3679
0-2082
02369
01845
0-1409
01054
0-07731
005558
0-03916
0-02705
0-01832
001216
0007907
0:005042

P
Py

0:001159
0:0006823
0-0008937
0-0002226
0-0001234
0-00006706
0-00003571
0:0000186+4
0-000009540
0:000004785
0:000002353
0-000001134
0:0000005353
0-0000002480
00000001125
¢-00000005006
0-00000002183
0-000000009330
0-000000003909
0-000000001605
0-0000000006401
0-0000000002549
0-00000000009860
0-00000000003738

O W e e e He W 0 00 02 69 03 00 02 03 03 GO 4D bD by iy
SHRTD S B

0-003151
0-001930

0-00000000001389

09
190
11
19
13
14
15
18
17
18
1:9
30
21
32
23
24
2:5

23, And to present more clearly to the eya the import
of these numbers, the following curve is constructed, in
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which the abscissa represents :f., or tho proportion of the

magnitude of an error to the modulus, and the ordinate

represents the corresponding frequency of errors of that
magnitude,

E‘ \ .\
N
- .,
[~
g:
~_
Magnitode of Error. T

Proleble Error «

Mean Ervor -

Error of Mean Square -
Modnlns -

Here it will be remarked that the curve approaches

. the abscissa by an almost. uniform descent from Maguitude
of Error=0 to Magnitude of Error=17 x Modulus; and
that after the Magnitude of Error amounts to 20 x Modulus,
the Frequency of Error becomes practically insensible, This

A, B
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is precisely the kind of law which we should & priori have
expected the Frequeney of Errvor to follow; and which, with-
out such an investigation as Laplace's, we might have
agsumed gonerally; and for which, haviug assumed a
general form, we might have scarched an algebraical law,
For these reasons, we shall, through the rest of this treatise,
assume tho law of frequency

a8 expressing the probability of errors ocenrring with mag-
nitude included between 2 and = + 8.

§ 3. Consequences of the Law of Probubility or Frequency
of Errors, us applied to Cne System of Measures of
Ong Element,

24. The Law of Probability of Errors or Frequency of
Errors, which we have found, amounts practically to this,
Suppose the total number of Measures to be 4, 4 being a
vory large number; then we may expect the nuinber of
errors, whosc magnitudes fall between « and = 4 8z, to be

Fa

-e ¢, 8,

co/r
where ¢ is & modulus, constant for One System of Measures,
but different for Different Systems of Measures, It is partly
the object of the following investigations to give the means
of determining either the modulus ¢, or other constanta
related to it, in any given system of practical errors, .

25. This may be a convenient opportunity for remark-
ing expressly that the fundamental suppositions of La-
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place’s investigation, Article 14, assume that the law of
Probability of Krrors applies equally to positive and tu
negative errors, It follows therefore that the formula in
Article 24 must be received as applying equally to pesitive
and to negative errors, The number 4 includes the whole
of the measures, whether their errors may happen to e
positive or negative,

26. Conceive now that the true value of the Element
which is to be measured is known (we shall hereafter con-
sider the more usual case when it is not known), and
that the error of every individual measure ean thercfure
be found. The readiest method of inferring from these a
number which is closely related to the Modulus is, to take
the mean of all the positive errors without sign, and to
take the mean of all the negative errors without sigy
(which two means, when the number of observations is
very great, ought not to differ sensibly), and to take the
numerical mean of the two. This may be called the
Mean Error. It is to be regarded as a mere numerical
quantity, without sign, Its relation to the Modulus is
thus found. Since the number of errors whose magnitude

x?
is included between a and 2+ 8z is 5?/"5' e ¢, 8 and the
magnitude of each error does not differ %ensibly from a,

the sum of these errors will be sen31bly - \/ " & o ; and

the sum of all the errors of positive sign will be

cvﬂ_]d.ne ‘\/
B 2
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The number of errors of positive sign is
A [® = A
— e 7 & =2 e

o f . du.e 5 -

Dividing the preceding expression by this,

4,6 c
Mean positive error = 7

Similarly,
. ¢
Mean negative error = -

v
And thercfore,
Mean Error = L ¢ X 0504189,
N

And conversely,
¢ = Mean Error x 1'7772454.

By this formula, ¢ can be found with ease when the series
of errors is exhibited.

27. It iz however sometimes convenient (as will ap-
pear hereafter, Article G1) to use a method of deduction
derived from the Squares of Errors. The positive and
negative errors are then included under the same formula.
If we form the mean of the squares, and extract the square
root of that mean, we may appropriately call it the Error
of Mean Square. This, like the Mean Error, is 2 numerical
quentity, without sign, To investigate it in terms of ¢,
we remark that the sum of the squares of errors between
z and o+ 8» (formed as in the last Article) will be

4 =
a‘,—rﬁ ¢, Jexa’
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and the sum of all the squares of errors will be

" x! 4w .. at
‘A' ! de.¢ #.2'= {PAcw.e“c’}

chr — —w 27T
Ade (4= -
+2‘\/‘;' -“dm.e o,

The first term vanishes between the limits — 0 and + =,
9
and the second term = + 1{: . The whole numbeor of errors

g
is 4. Hence the Mean Square is % , and the Error of Mean

Square is
0,\/; =0 X 0707107 ;

or ¢= Frror of Mean Square x 1414214,

28. It has however been customary to make use of a
different number, ealled the Probable Error, It is not
meant by this term that the number used is a more pro-
bable value of error than any other value, but that, when
the positive sign is sttached to it, the number of positive
errors larger than that value is about as great as the num-
ber of positive crrors smaller than that value: and that,
when the negative sign is attached to it, the same remark
applies to the negative errors,. The Probable Error itself
is & numerical quantity, without sign. To ascertain the
algebraicel condition which this requires, we have only to
remark that, as the number of positive errors up to the

% o
value z is 4 f dz.e ¢, and as the whole number of
cd-.-r 0
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pusitive errors is ‘g , and half the whole number of positive

’ F &
CITOTS 18 3 W must find the value of # which makes

::l

dic.e ¢, or — f dw.e ", equal to

el !

29. For this purpose, we must be prepared with a

table of the numerieal values of el { dw.e", 1t is not
our busginess to describe here the process by which the
numerical values are obtained (and which is common to
the integrals of all expressible functions); we shall merely
give the following table, which is abstracted from tables
in Kramp’s Refructions and in the Encyclopredia Metro-

pulitana, Article ZTheory of Probabilities.

1 [w -
TABLE OF THE VALUES OF o f dw.e "
0

Integral.

0-499068
U-4499428
0-499655
0:499796

+ 0440103 h 2
3
{
5
6 i 0499881
¢
8
9
0

1
9 | 0455157 ;
| 0-467004
| 0476143 -

0000000 | , 2
2

9-

3

| 0483053 : 2
2

2

2

0066232

0-111351
0164313
0-214196
(0260250 |, 0-499932
0-499962
0499979
0-499988

‘3
4

5

6 | 0488174
7 | 0491895 |
8

9

0

1

roooo0ee
St =D

0-494545 |
(-496395 | 3.
0-497661 |
0498610 | w 0-500000

0-338001
0371051 |
0-308454
0421350

1
1
'l
1
1
1
0301928 |1 1
I
1
2
&
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By interpolation amonyg these, we find that the value
of w which gives for the value of the integral 0-23, is
0476948 ; or the Probable Error, which is the corresponding
value of =, is ¢ x 0-476048, And, conversely, ¢ = Probable

. Error x 20966065,

30. The reader will advantageously remark in this
table how nearly all the errors arc included within a small

value of w or 2—’ For it will be remembered that the Inte-

gral when multiplied by A (the entire number of positive
and negative errors) expresses the number of errors up to

that value of w or 9-!3:-)—!:. Thus it appears that from w =0

up to w=105 or g_r_gqgw 165, we have alrcady obtained

19 f the whole number of errors of the same sign ; and

50
. .o 49999
from w =0 up to w=30, we have obtaincd 50000 of the

whole number of errors of the same sign.

31, Returning now to the results of the investigations
in Articles 26, 27, 28, 29; we may conveniently exhibit
the relations between the values of the different constants
therein found, by the following table :—
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PROPORTIONS OF THE DIPFERENT CONSTANTS.

\[Lnn
Sqtiare.

In terms of Modulus ...| 1:000000 0-564189 3070?107 oaTeaes |

——— .

In terms of Menn Error 1 77&40% 1 000000 1 303314 0 845369 I

In terms of Error of)],, ] . .
Mean Bquaro ... } 1414214 | 0-797885 | 1000000 lo 674506

H
1
e e A — e A — 4 s . ——— e e

In tﬁ:f;i of Pm"“"‘*’} 2:096065 | 1182916 | 1-482567 : 1-000000 '
LN X N} (X ] l :

82. To distinguish cach of the errors, really occurring
in observations, from the “Mean Error,” “ Error of Mean
Square,” “Probable Error,” which are mere numerical
deductions made according to laws frumed for convenience
only, we shall usually designate an error really occurring
(whether its magnitude be known or not) by the term
“ Actual Error,”

§'4. Remarks on the application of these processes +n
particular cases.

38, Tt must always be borne in mind that the law of
frequency of errors does not exactly hold except the num-
ber of errors is indefinitely great. With a limited number
of eirors, the law will be imperfectly followed ; and the
deductions, made on the supposition that the law is strictly
followed, will be or may be inaccurnte or inconsistent.
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Thus, if we investigate the value of the modulus, first
by means of the Mean Error, secondly by the Error of
Mean SBquare, we shall probably obtain diseordant results,
We cannot assert ¢ priori which of these is the better.,

34. There is one case which oceurs in practice so fre-
quently that it deserves especial notice. In collecting
the results of a number of observations, it will froquently
be found that, while the results of the groater number
of observations are very accordant, the result of some
one aingle observation gives a discordance of large mag-
nitude. There is, under these circumstances, a strong
temptation to erase the discordant observation, as having
been manifestly affected by some extraordinary cause of
error. Yet a consideration of the law of Frequency of Error,
as exhibited in the last Section (which recognizes the pose
sible existence of large errors), or & consideration of the
formation of a complex error by the addition of numerous
gimple errors, a3 in Article 14 (which permits a great num-
ber of simple errors bear gxg.the.mme sign to be aggregated
by addition of mao'm)a{de \ihd thenbx to producc a large
complex error), will ,Bj}’ew that such fage errors may fairly
oceur ; and if so, th ya-mngt,,bg yelgined, " We may perhaps
think that where a'gguse of unfair emtr may exist (as in
omission of clampin zemth-d:stan}e-cnule) and where
we know by certain evidénee thatfn some instances that
unfair causo has actually come into play, there is sufficient
reason to presume that it has come into play in an in.
stance before us, Such an explanation, however, can only
be admitted with the utmost caution,




